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Abstract

We study formal Laurent series which are better approximated by their Oppenheim

convergents. We calculate the Hausdorff dimensions of sets of Laurent series which have given

polynomial or exponential approximation orders. Such approximations are faster than the

approximation of typical Laurent series (with respect to the Haar measure).
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1. Statements of results

Let qX2 be an integer and Fq be a finite field of q elements. Let L ¼ Fqððz�1ÞÞ
denote the field of all formal Laurent series A ¼

P
N

n¼v cnz�n in an indeterminate z;

with coefficients cn all lying in the field Fq: Recall that Fq½z� denotes the ring of

polynomials in z with coefficients in Fq:

For the above formal Laurent series A; we may assume that cva0: Then the
integer v ¼ vðAÞ is called the order of A: The norm (or valuation) of A is defined to be

jjAjj ¼ q�vðAÞ: With the convention vð0Þ ¼ þN and jj0jj ¼ 0; we have the following:

(i) jjAjjX0 with jjAjj ¼ 0 iff A ¼ 0;
(ii) jjABjj ¼ jjAjj 	 jjBjj;
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(iii) jjaA þ bBjjpmaxðjjAjj; jjBjjÞ ð8a; bAFqÞ;
(iv) aa0; ba0; jjAjjajjBjj ) jjaA þ bBjj ¼ maxðjjAjj; jjBjjÞ:

In other words, jj 	 jj is a non-Archimedean norm of the fieldL: It is well known that
L is a complete metric space under the metric r defined by rðA;BÞ ¼ jjA � Bjj: See
[5, Chapter 5] for more information on the normed field L: See also [1,4,6,9].

For A ¼
P

N

n¼v cnz�nAL; let ½A� ¼
P

vpnp0 cnz�nAFq½z�: We call ½A� the integral

part of A: It is evident that the integer �vðAÞ :¼ �v is equal to the degree deg ½A� of
the polynomial ½A� of z:
The Oppenheim expansions of Laurent series were introduced by Knopfmacher

and Knopfmacher [7,8]. Let us now recall the definition.
Let frngnX1 and fsngnX1 be two sequences of non-zero polynomials over Fq

satisfying the following hypothesis:

ðHÞ v
rn

sn

� �
p2; i:e: deg sn � deg rnp2 ð8nX1Þ:

This condition is natural, as we shall see later, for the algorithm described below to
be effective.
Given AAL; denote that a0 ¼ ½A�: Then we define recursively a finite or an infinite

sequence of formal Laurent series fAng associated to A: Define A1 ¼ A � a0:

Suppose An ðnX1Þ is defined. If Ana0; then let an ¼ ½ 1
An
� and define

Anþ1 ¼ An �
1

an

� �
snðanÞ
rnðanÞ

; ð1Þ

where snðanÞ and rnðanÞ denote the composition of polynomials. If An ¼ 0; this
recursive process stops. We call fang the digits of A: It was shown [7,8] that the above
algorithm leads to a finite or an infinite series which converges to A (relative to r).
This series (see (2)) is called the Oppenheim expansion of Laurent series of A:

Theorem A (Knopfmacher and Knopfmacher [7,8]). Every xAL has a finite or an

infinite convergent (relative to r) expansion of the form

x ¼ a0ðxÞ þ
1

a1ðxÞ
þ
XN
n¼1

r1ða1ðxÞÞ?rnðanðxÞÞ
s1ða1ðxÞÞ?snðanðxÞÞ

1

anþ1ðxÞ
; ð2Þ

where anðxÞAF½z�; a0ðxÞ ¼ ½x�; and deg a1ðxÞX1; for any nX1;

deg anþ1ðxÞX2 deg anðxÞ þ 1þ deg rnðanðxÞÞ � deg snðanðxÞÞ: ð3Þ

The expansion is unique for x subject to the proceeding admissibility condition (3) on

the digit anðxÞ:

Let I denote the valuation ideal z�1Fq½½z�1�� in the ring of formal power series

Fq½½z�1��: It consists of all formal series
P

N

n¼1 cnz�n: For any nX1; define the map

Tn0 ¼ 0; Tnx ¼ x � 1

½1=x�

� �
snð½1=x�Þ
rnð½1=x�Þ for xAI\f0g:
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It may be checked that Tn maps I into I iff hypothesis (H) is satisfied, and that

anðxÞ ¼ aðTn�13?3T23T1xÞ with aðxÞ ¼ ½1=x�:

Here are some special cases which were extensively studied:
Lüroth expansion: snðzÞ ¼ zðz � 1Þ; rnðzÞ ¼ 1;
Engel expansion: snðzÞ ¼ z; rnðzÞ ¼ 1;
Sylvester expansion: snðzÞ ¼ 1; rnðzÞ ¼ 1;
Cantor infinite product: snðzÞ ¼ z; rnðzÞ ¼ z þ 1:

The ideal I is compact because it can be identified with
Q

N

n¼1 Fq (the metric r
restricted on I is exactly the usual ultra-metric on

Q
N

n¼1 Fq). A natural measure on I

is the normalized Haar measure on
Q

N

n¼1 Fq; which we denote by P. We now

consider the approximations of formal Laurent series by rational functions. For any
xAI ; consider the partial sums

onðxÞ ¼
1

a1ðxÞ
þ
Xn

j¼2

r1ða1ðxÞÞ?rj�1ðaj�1ðxÞÞ
s1ða1ðxÞÞ?sj�1ðaj�1ðxÞÞ

1

ajðxÞ
;

which are called Oppenheim convergents of x: The following metric theorem was
proved in [3] for a large class of Oppenheim expansion under a stronger hypothesis
than (H).

Theorem B (Fan and Wu [3]). Suppose the following hypothesis is satisfied:

ðHLÞ deg sn � deg rn ¼ L for any nX1

where Lp2 is a fixed integer. Then

(i) If L ¼ 2; then for P-almost all xAI ;

lim
n-N

1

n
logq jjx � onðxÞjj ¼ � 2q

q � 1
:

(ii) If L ¼ 1; then for P-almost all xAI ;

lim
n-N

1

n2
logq jjx � onðxÞjj ¼ � q

2ðq � 1Þ:

(iii) If Lp0; then for P-almost all xAI ;

lim
n-N

1

ð2� LÞn logq jjx � onðxÞjj ¼ � 1

1� L
GðxÞ;

where 0o2�L
1�L

pGðxÞoN for P-almost all xAI :

Roughly speaking, when L ¼ 2; the last theorem means that for P-almost all xAI ;

we have jjx � onðxÞjjEq
� 2q

q�1 n
: We could say that x is approximated by its
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convergents onðxÞ with linear order 2q
q�1 n: We would like to know which Laurent

series can be approximated with polynomial orders anb ða40; b41Þ or exponential
orders xtn ðx40; t41Þ: Similar questions arise when L ¼ 1 or Lp0: We answer
these questions by the following theorems.

Theorem 1. Suppose Lp0: For any t42� L and x40; we have

dim xAI :
1

tn
logq jjx � onðxÞjj-� x

� �
¼ 1

L þ t� 1
:

Theorem 2. Suppose L ¼ 1: For any b41 and a40; we have

dim xAI :
1

nb logq jjx � oðxÞjj-� a
� �

¼ 1:

For any t41 and x40; we have

dim xAI :
1

tn
logq jjx � onðxÞjj-� x

� �
¼ 1

t
:

Theorem 3. Suppose L ¼ 2: For any b41 and a40; we have

dim xAI :
1

nb logq jjx � oðxÞjj-� a
� �

¼ 1

2
:

For any t41 and x40; we have

dim xAI :
1

tn
logq jjx � onðxÞjj-� x

� �
¼ 1

tþ 1
:

Let Eðt; xÞ be the set of xAI such that 1
tn logq jjx � onðxÞjj-� x: See Fig. 1, which

compares the dimensions of Eðt; xÞ following the values of L: Remark that the

dimensions, which are independent of x; have a common formula 1
Lþt�1: But the

domains of definition are different.

2. Preliminaries

From now on, we always assume that hypothesis (HL) is satisfied. But we need
only the weaker hypothesis (H) to get Lemmas 4 and 5.
A finite sequence of polynomials fk1; k2;y; kngCFq½z� is said to be admissible if it

satisfies the admissibility condition

deg k1X1;

deg kjþ1X2 deg kj þ 1þ deg rjðkjÞ � deg sjðkjÞ ð1pjpn � 1Þ:
We similarly define the admissibility for an infinite sequence of polynomials. It is
clear that the digital sequences fanðxÞgnX1 of the formal Laurent series are just all

possible admissible sequences (Theorem A).
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Lemma 4. Let xAI whose Oppenheim expansion is

x ¼
XN
n¼1

cnðxÞ; cnðxÞ ¼
r1ða1ðxÞÞ?rn�1ðan�1ðxÞÞ
s1ða1ðxÞÞ?sn�1ðan�1ðxÞÞ

1

anðxÞ
:

We have jjcnþ1ðxÞjjojjcnðxÞjj for all nX1:

Proof. Notice that

vðcnðxÞÞ ¼
Xn�1
j¼1

ðdeg sjðajðxÞÞ � deg rjðajðxÞÞÞ þ deg anðxÞ:

The difference vðcnþ1ðxÞÞ � vðcnðxÞÞ is equal to
deg snðanðxÞÞ � deg rnðanðxÞÞ þ deg anþ1ðxÞ � deg anðxÞ;

which is strictly positive by the admissibility condition (3). &

Lemma 5. Suppose that fk1; k2;y; kngCFq½z� ðnX1Þ is an admissible sequence. Then

the set

fxAI : a1ðxÞ ¼ k1; a2ðxÞ ¼ k2;y; anðxÞ ¼ kng

is equal to the disc BðCn;DnÞ with center

Cn :¼ 1

k1
þ
Xn

j¼2

r1ðk1Þ?rj�1ðkj�1Þ
s1ðk1Þ?sj�1ðkj�1Þ

1

kj

;

and diameter

Dn :¼ q

Pn�1
j¼1 ðdeg rjðkjÞ�deg sjðkjÞÞ�2 deg kn�1:

Proof. For any 1pmpn; we define Cm and Dm in the same way as Cn and Dn:

0.2

0.4

0.6

0.8

1
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L = 0
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Fig. 1. The curve of dimEðt; xÞ for L ¼ 2; 1; 0;�1 as function of t; which is independent of x:
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For any xAI such that a1ðxÞ ¼ k1; a2ðxÞ ¼ k2;y; anðxÞ ¼ kn; we develop it into its
Oppenheim expansion (see Theorem A)

x ¼ Cn þ
XN

j¼nþ1
cjðxÞ;

where the functions cjðxÞ are defined as in Lemma 4. By Lemma 4, we get

jjx � Cnjj ¼ jjcnþ1ðxÞjj ¼ q

Pn

j¼1 ðdeg rjðkjÞ�deg sjðkjÞÞ�deg anþ1ðxÞ:

By the admissibility condition (3),

deg rnðknÞ � deg snðknÞ � deg anþ1ðxÞp� 2 deg kn � 1:

It follow that xABðCn;DnÞ: Thus we get
fxAI : a1ðxÞ ¼ k1; a2ðxÞ ¼ k2;y; anðxÞ ¼ kngCBðCn;DnÞ:

Prove now the inverse inclusion. Let yABðcn;DnÞ: According to Theorem A, write

y ¼
XN
j¼1

cjðyÞ:

We are going to show that ajðyÞ ¼ kj for 1pjpn: Let us first prove a1ðyÞ ¼ k1:

Suppose a1ðyÞak1: There are two cases.
Case I: deg a1ðyÞadeg k1: In this case, we have

1

a1ðyÞ
� 1

k1

����
����

����
���� ¼ max

1

a1ðyÞ

����
����

����
����; 1

k1

����
����

����
����

� �
:

By Lemma 4, we have

1

a1ðyÞ

����
����

����
����4jjcjðyÞjj ðjX2Þ; 1

k1

����
����

����
����4jjcjjj ð2pjpnÞ:

Therefore

max
1

a1ðyÞ

����
����

����
����; 1

k1

����
����

����
����

� �
4max max

2pjpn
maxðjjcjðyÞjj; jjcjjjÞ; sup

jXnþ1
jjcjðyÞjj

 !
:

It follows that

jjy � Cnjj ¼
1

a1ðyÞ
� 1

k1

����
����

����
���� ¼ max

1

a1ðyÞ

����
����

����
����; 1

k1

����
����

����
����

� �
X

1

k1

����
����

����
���� ¼ q�deg k1 :

By the admissibility condition (3), we may check that logq Dm is decreasing so that

DnpD1 ¼ q�2 deg k1�1oq�deg k1pjjy � Cnjj;
which contradicts the fact yABðCn;DnÞ:

Case II: deg a1ðyÞ ¼ deg k1: In this case, using (3), we can prove by induction on j

that

1

a1ðyÞ

����
����

����
����
2

4jjcjðyÞjj ðjX2Þ; 1

k1

����
����

����
����
2

4jjcjjj ð2pjpnÞ:
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Thus

1

a1ðyÞ
� 1

k1

����
����

����
���� ¼ k1 � a1ðyÞ

k1a1ðyÞ

����
����

����
����X 1

k1

����
����

����
����
2

¼ 1

a1ðyÞ

����
����

����
����
2

4max max
2pjpn

maxðjjcjðyÞjj; jjcj jjÞ; sup
jXnþ1

jjcjðyÞjj
 !

:

Therefore

jjy � Cnjj ¼
1

a1ðyÞ
� 1

k1

����
����

����
����X 1

k1

����
����

����
����
2

¼ q�2 deg k14D1XDn:

Hence we have proved a1ðyÞ ¼ k1: In the same way, we can show successively
a2ðyÞ ¼ k2;y; anðyÞ ¼ kn: &

We finishing this section by stating the mass distribution principle (see [2,
Proposition 4.2]) that will be used several times.

Lemma 6. Let ECI be a Borel set and m be a probability measure with mðEÞ40: If

there exist constants c40 and d40 such that

mðDÞpcðdiam DÞs

for all disc D with diameter diam Dpd: Then

dim EXs:

3. Proof: case Lp0

For any t42� L and a40; choose a sufficient large integer j0X1 such that

ð2� LÞj0þ1 þ 1p½tj0þ1a�; 2

aðt� ð2� LÞÞptj0 ð4Þ

and define a sequence of integers as follows:

q1 ¼ 1; qj ¼ ð2� LÞqj�1 þ 1 ð2pjpj0Þ; qj ¼ ½tja� ðj4j0Þ:

By condition (4), it may be checked that

qjþ1Xð2� LÞqj þ 1 ð8jX1Þ: ð5Þ

Then define

Ft;a ¼ fxAI : deg ajðxÞ ¼ qj 8jX1g:

Proposition 7. Suppose Lp0: Then for any t42� L and a40; we have

dim Ft;a ¼ 1

L þ t� 1
:
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Proof. Let us first estimate the dimension from below by using the mass distribution

principle. For any nX1; let FðqnÞ
q ½z� denote the set of the polynomials in Fq½z� with

degree qn: Such polynomials are of the form

x ¼
Xqn

k¼0
ckzk ðckAFq; cqn

a0Þ:

For b1AFðq1Þq ½z�; b2AFðq2Þq ½z�;y; bnAFðqnÞ
q ½z� ðnX1Þ; define

Jðb1; b2;y; bnÞ ¼ fxAI : a1ðxÞ ¼ b1; a2ðxÞ ¼ b2;y; anðxÞ ¼ bng:

We call Jðb1; b2;y; bnÞ an n-digital cylinder.
Remark that the sequence ðb1; b2;y; bnÞ is admissible because of (5). Let

Mðb1; b2;y; bnÞ ¼
[

bnþ1AF
ðqnþ1Þ
q ½z�

Jðb1; b2;y; bn; bnþ1Þ:

Such a set Mðb1; b2;y; bnÞ is call a n-basic cylinder. It is easy to see

Ft;a ¼
\N
n¼1

En;

where

En ¼ fxAI : deg ajðxÞ ¼ qj; 1pjpng ¼
[

b1;b2;y;bn

Mðb1; b2;y; bnÞ:

The n-basic cylinders have the following properties:

(i)
The diameter jMðb1; b2;y; bnÞj ¼ q

�L
Pn

j¼1 qj�qnþ1 :
(ii) All Mðb1; b2;y; bnÞ are disjoint.
(iii)

The number of n-basic cylinders is equal to ðq � 1Þn
q

Pn

j¼1 qj :

In fact, property (iii) is obvious and property (ii) is clear because

Mðb1; b2;y; bnÞCJðb1; b2;y; bnÞ

and that Jðb1; b2;y; bnÞ’s are disjoint discs. Prove now property (i). Let x and y be

two points in Mðb1; b2;y; bnÞ: Then there exist bnþ1; b0
nþ1AFðqnþ1Þ

q ½z� such that

xAJðb1; b2;y; bnþ1Þ; yAJðb1; b2;y; b0
nþ1Þ:

We distinguish two cases.
Case I: bnþ1 ¼ b0

nþ1: In this case, both x and y belong to the same ðn þ 1Þ-digital
cylinder Jðb1; b2;y; bnþ1Þ so that, by Lemma 5, we have

jjx � yjjpq
�L
Pn

j¼1 qj�2qnþ1�1oq
�L
Pn

j¼1 qj�qnþ1 : ð6Þ
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Case II: bnþ1ab0
nþ1: In this case, we have

jjx � yjj ¼ r1ðb1Þ?rnðbnÞ
s1ðb1Þ?snðbnÞ

1

bnþ1
� 1

b0
nþ1

� �����
����

����
����

¼ q
�L
Pn

j¼1 qj q�2qnþ1þdegðbnþ1�b0
nþ1Þ

p q
�L
Pn

j¼1 qj�qnþ1 ð7Þ

because of degðbnþ1 � b0
nþ1Þpqnþ1:

Notice that the last inequality becomes equality if degðbnþ1 � b0
nþ1Þ ¼ qnþ1: Then

(i) follows from (6) and (7).
We define a probability measure m on the compact set Ft;a by

mðMðb1; b2;y; bnÞÞ ¼ ðq � 1Þ�n
q
�
Pn

j¼1 qj :

(It does define a measure by the Carathéodory extension theorem).
For any e40; there is an integer n0 ¼ n0ðeÞ such thatPn

j¼1 qj

L
Pn

j¼1 qj þ qnþ1
4

1

L þ t� 1
� e ð8nXn0Þ; ð8Þ

ðL � 1Þ
Pn�1

j¼1 qj þ qn

L
Pn�1

j¼1 qj þ qn

o
L þ t� 2

L þ t� 1
þ e ð8nXn0Þ: ð9Þ

For any m4
Pn0�1

j¼1 qj þ qn0 ; let nXn0 be the integer such that

q
�L
Pn

j¼1 qj�qnþ1pq�moq
�L
Pn�1

j¼1 qj�qn :

One of the following two situations will occur:

q
�L
Pn

j¼1 qj�qnþ1pq�moq
�L
Pn�1

j¼1 qj�2qn�1; ðS1Þ

q
�L
Pn�1

j¼1 qj�2qn�1pq�moq
�L
Pn�1

j¼1 qj�qn :ðS2Þ

Suppose (S1): For any xAFt;a; if the disc Bðx; q�mÞ :¼ fyAI : jjy � xjjpq�mg
intersects some n-basic cylinder Mðb1; b2;y; bnÞ; then we have

Bðx; q�mÞCJðb1; b2;y; bnÞ: ð10Þ

Indeed, Mðb1; b2;y; bnÞ
T

Bðx; q�mÞa| implies that Bðx; q�mÞ intersects
Jðb1; b2;y; bnÞ: However, both Jðb1; b2;y; bnÞ and Bðx; q�mÞ are discs. It suffices
to compare their diameters, which is easy, to get the claimed inclusion. According
to (10), the disc Bðx; q�mÞ intersects one and exact one n-basic cylinder
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Mða1ðxÞ; a2ðxÞ;y; anðxÞÞ: Hence

mðBðx; q�mÞÞp mðMða1ðxÞ; a2ðxÞ;y; anðxÞÞÞ

¼ ðq � 1Þ�n
q
�
Pn

j¼1 qj

p ðq � 1Þ�n
q
�m

Pn

j¼1 qj

L
Pn

j¼1 qjþqnþ1

� �

p q
�mð 1

Lþt�1�eÞ ð11Þ

((8) was used to get the last inequality).
Suppose (S2): We claim that for any xAFt;a; the number of n-basic cylinders which

intersect Bðx; q�mÞ is bounded by

q
L
Pn�1

j¼1 qjþ2qn�mþ1
:

In fact, assume that Mðb1; b2;y; bnÞ
T

Bðx; q�mÞa|: Then Bðx; q�mÞ intersects
Jðb1; b2;y; bnÞ: Recall that

jJðb1; b2;y; bnÞj ¼ q
�L
Pn�1

j¼1 qj�2qn�1pq�m;

jJðb1; b2;y; bn�1Þj ¼ q
�L
Pn�2

j¼1 qj�2qn�1�1
Xq

�L
Pn�1

j¼1 qj�qn4q�m

where the next to the last inequality is assumed by (5). It follows that

Jðb1; b2;y; bnÞCBðx; q�mÞCJðb1; b2;y; bn�1Þ: ð12Þ

By the second inclusion in (12), we get b1 ¼ a1ðxÞ;y; bn�1 ¼ an�1ðxÞ: If bnaanðxÞ;
by the first inclusion in (12), we have

r1ðb1Þ?rn�1ðbn�1Þ
s1ðb1Þ?sn�1ðbn�1Þ

1

bn

� r1ðb1Þ?rn�1ðbn�1Þ
s1ðb1Þ?sn�1ðbn�1Þ

1

anðxÞ

����
����

����
����pq�m;

i.e.

degðbn � anðxÞÞpL
Xn�1
j¼1

qj þ 2qn � m:

Write

bn ¼ c0 þ c1z þ?þ cqn
zqn ðcqn

a0Þ;

anðxÞ ¼ c00 þ c01z þ?þ c0qn
zqn ðc0qn

a0Þ:

We must have

ck ¼ c0k for all k4k0 ¼ L
Xn�1
j¼1

qj þ 2qn � m:
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So, the number of choices for bn is bounded by the number of choices for c0;y; ck0 ;
which is bounded by

qk0þ1 ¼ q
L
Pn�1

j¼1 qjþ2qn�mþ1
:

Thus the claim is proved. Therefore

mðBðx; q�mÞÞp qk0þ1 ðq � 1Þ�n
q
�
Pn

j¼1 qj

¼ðq � 1Þ�n
q q

ðL�1Þ
Pn�1

j¼1 qjþqn�m

p q q
�mð 1

Lþt�1�eÞ
: ð13Þ

Let us check the last inequality, which is implied by

ðL � 1Þ
Xn�1
j¼1

qj þ qn � mp� m
1

L þ t� 1
� e

� �

or equivalently

ðL � 1Þ
Xn�1
j¼1

qj þ qnpm
L þ t� 2

L þ t� 1
þ e

� �
: ð14Þ

However since

mXL
Xn�1
j¼1

qj þ qn;

(14) is implied by condition (9).
By (11) and (13) and Lemma 6, we get

dim Ft;aX
1

L þ t� 1
:

The inverse inequality may be obtained by using the fact that for any nX1; n-basic
cylinders form a cover for Ft;a: Then by (i) and (iii), we have

dim Ft;ap lim
n-N

n logðq � 1Þ þ ð
Pn

j¼1 qjÞ log q

ðL
Pn

j¼1 qj þ qnþ1Þ log q
¼ 1

L þ t� 1
:

Proof of Theorem 1. Let Eðt; xÞ be the set of xAI such that 1
tn logqjjx � onðxÞjj-

�x: By Lemma 4, we have

jjx � onðxÞjj ¼ q
�L
Pn

j¼1 deg ajðxÞ�deg anþ1ðxÞ:

We can write

L
Xn

j¼1
deg ajðxÞ þ deg anþ1ðxÞ ¼

Xn

j¼1
ðdeg ajþ1ðxÞ � ð1� LÞ deg ajðxÞÞ þ deg a1ðxÞ:
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Thus

Eðt; xÞ ¼ xAI :
1

tn

Xn

j¼1
ðdeg ajþ1ðxÞ � ð1� LÞ deg ajðxÞÞ-x

( )
:

It is easy to check that

Ft;aCEðt; xÞ with a ¼ xðt� 1Þ
tðL þ t� 1Þ40

where Ft;a is defined in Proposition 7. By Proposition 7, we get

dim Eðt; xÞXdim Ft;a ¼ 1

L þ t� 1
:

Prove now the inverse inequality. Denote

snðxÞ ¼
Xn

j¼1
ðdeg ajþ1ðxÞ � ð1� LÞ deg ajðxÞÞ:

For any e40; we have

Eðt; xÞC
[N

N¼1
GN ;

where

GN ¼
\N

n¼N

fxAI : tnðx� eÞosnðxÞotnðxþ eÞg:

By the s-stability of the Hausdorff dimension, we have only to show that

dim GNp
c2ðeÞ

c1ðeÞðL þ t� 1Þ ð8NX1; 8e40Þ;

where

c1ðeÞ ¼ ðt� 1Þx� ðtþ 1Þe; c2ðeÞ ¼ ðt� 1Þxþ ðtþ 1Þe:

In the sequel, we only give a proof of N ¼ 1 (the case N41 may be treated in the
same way).
Since snðxÞ � sn�1ðxÞ ¼ deg anþ1ðxÞ � ð1� LÞ deg anðxÞ; G1 is contained in

H :¼
\N
n¼1

fxAI : tn�1c1ðeÞpdeg anþ1ðxÞ � ð1� LÞ deg anðxÞptn�1c2ðeÞg:
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For any xAH and any nX1; we deduce by induction that

deg anðxÞp c2ðeÞtn�1 þ ð1� LÞ deg anðxÞ

p c2ðeÞðtn�1 þ ð1� LÞtn�2Þ þ ð1� LÞ2 deg an�1ðxÞ

^

p c2ðeÞtn�1
Xn�1
j¼0

1� L

t

� �j

þð1� LÞn deg a1ðxÞ

p c2ðeÞ
tn

L þ t� 1
þ ð1� LÞn deg a1ðxÞ;

and that

deg anðxÞX c1ðeÞtn�1
Xn�1
j¼0

1� L

t

� �j

�ð1� LÞn deg a1ðxÞ

¼ c1ðeÞ
tn

L þ t� 1
1� 1� L

t

� �n� �
� ð1� LÞn deg a1ðxÞ:

Let

Sðn; kÞ ¼ c1ðeÞ
tn

L þ t� 1
1� 1� L

t

� �n� �
� ð1� LÞn

k;

Tðn; kÞ ¼ c2ðeÞ
tn

L þ t� 1
þ ð1� LÞn

k:

The proceeding estimates lead to

G1CHCW :¼
[N
k¼1

\N
n¼1

Wk;n;

where Wk;n ¼ fdeg a1ðxÞ ¼ k;Sðj; kÞpdeg ajþ1ðxÞpTðj; kÞ; 1pjpn � 1g: Again by

the s-stability of the Hausdorff dimension, we only need to show

dim Wn;kp
c2ðeÞ

c1ðeÞðL þ t� 1Þ ð8kX1; 8e40Þ:

Define Iðb1; b2;y; bnÞ ¼ fxAI : a1ðxÞ ¼ b1;y; anðxÞ ¼ bng for any finite sequence
b1;y; bn in Fq½z�: Observe that

Wn;k ¼
[

b1;y;bn

Iðb1; b2;y; bnÞ;

where the union is taken over all polynomials b1; b2;y; bn such that

deg b1 ¼ k; Sðj; kÞpdeg bjþ1pTðj; kÞ; 1pjpn � 1: ð15Þ
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Let

Mðb1; b2;y; bnÞ ¼
[

Sðn;kÞpdeg bnþ1pTðn;kÞ
Iðb1; b2;y; bn; bnþ1Þ

and

W n

k;n ¼
[

b1;y;bn

Mðb1; b2;y; bnÞ;

where the union is taken over all sequences b1; b2;y; bn satisfying (15). Then we can
write

\N
n¼1

Wk;n ¼
\N
n¼1

W n

k;n:

It follows that for any nX1; all Mðb1; b2;y; bnÞ with b1; b2;y; bn satisfying (15) is a

cover of
T

N

n¼1 Wk;n: We will use this cover to give a upper bound of the Hausdorff

dimension of
T

N

n¼1 Wk;n:

Actually, all Iðb1; b2;y; bnÞ with b1; b2;y; bn satisfying (15) is also a cover ofT
N

n¼1 Wk;n: We could use this cover to estimate the dimension, which is however not

effective.
Let us first estimate the diameter of Mðb1; b2;y; bnÞ and the number of all

Mðb1; b2;y; bnÞ in the cover.
By using (15), we can prove, in the same way as we prove (6) and (7), that

jMðb1; b2;y; bnÞjpq
�LK�L

Pn�1
j¼1 Sðj;kÞ�Sðn;kÞ

:¼ Rn:

The number of Mðb1; b2;y; bnÞ’s is equal to

Nn :¼ ðq � 1Þqk 	
Yn�1
j¼1

X
Sðj;kÞpipTðj;kÞ

ðq � 1Þqi

0
@

1
Apðq � 1Þqnþkq

Pn�1
j¼1 Tðj;kÞ

:

So

dim
\N
n¼1

W n

k;np lim inf
n-N

log Nn

�log Rn

¼ lim
n-N

Pn�1
j¼1 Tðj; kÞ

L
Pn�1

j¼1 Sðj; kÞ þ Sðn; kÞ

¼ lim
n-N

Tðn; kÞ
LSðn; kÞ þ Sðn þ 1; kÞ � Sðn; kÞ

¼ c2ðeÞ
c1ðeÞðL þ t� 1Þ;

where we have used the Toeplitz Lemma to obtain the next to the last equality.
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4. Proof: case L ¼ 2

Let Aðb; aÞ be the set of xAI such that 1
nb
logqjjx � oðxÞjj-� a: By Lemma 4, we

have

jjx � onðxÞjj ¼ q
�2
Pn

j¼1 deg ajðxÞ�deg anþ1ðxÞ:

We construct a subset Fb;a of I as follows:

Fb;a ¼ fxAI : deg anðxÞ ¼ 1þ ½nb�1a� 8nX1g:

It may be checked that

Fb;aCAðb; aÞ for a ¼ ab
2
:

By similar arguments in the proof of Proposition 7 (the actual case is simpler because
we can use directly Jðb1;y; bnÞ’s instead of Mðb1;y; bnÞ’s), we can show that

dim Fb;a ¼ 1
2
:

Thus we get dim Aðb; aÞX1
2
:

In order to get the upper bound, first notice that when L ¼ 2; every sequence
fb1; b2;y; bngCFq½z� such that deg bjX1 ð1pjpnÞ is admissible. Recall that

Iðb1; b2;y; bnÞ ¼ fxAI : a1ðxÞ ¼ b1;y; anðxÞ ¼ bng:
We construct a family of measure mt on I for t4log q as follows:

mtðIðb1; b2;y; bnÞÞ ¼ exp �t
Xn

j¼1
deg bj � nPðtÞ

 !
;

where PðtÞ ¼ logðqðq � 1ÞÞ � logðet � qÞ:
Observe that, for any e40; we have

Aðb; aÞC
[N

N¼1

\N
n¼N

Anðb; aÞ; ð16Þ

where

Anðb; aÞ ¼ xAI : nbða� eÞp2
Xn

j¼1
deg ajðxÞ þ deg anþ1ðxÞpnbðaþ eÞ

( )
:

Let Iðn; a; eÞ be the family of all Jðb1; b2;y; bnÞ such that

deg bjX1; ð1pjpnÞ; nbða� eÞp2
Xn

j¼1
deg bj þ deg bnþ1pnbðaþ eÞ:

For NX1; we select all those discs in
S

N

n¼N Iðn; a; eÞ which are maximal

(JA
S

N

n¼N Iðn; a; eÞ is maximal if there is no J 0A
S

N

n¼N Iðn; a; eÞ such that JCJ 0

and JaJ 0). We denote by JðN; a; eÞ the set of all maximal J in
S

N

n¼N Iðn; a; eÞ:
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From (16), we see that for any NX1; JðN; a; eÞ is a cover of Aðb; aÞ: Let
Iðb1; b2;y; bnÞAJðN; a; eÞ; we have

mbðIðb1; b2;y; bnÞÞ ¼ exp �t
Xn

j¼1
deg bj � nPðtÞ

 !

X exp �t

2
	 nbðaþ eÞ � nPðtÞ

� �
and

jIðb1; b2;y; bnÞj ¼ q
�2
Pn

j¼1 deg bj�1pq
�2
Pn�1

j¼1 deg bj�deg bnpq�ðn�1Þbða�eÞ:

Let d ¼ 3et
a�e: Then for sufficient large n; we have

t

2
nbðaþ eÞ � nPðtÞ � t þ d

2
ðn � 1Þbða� eÞp0:

So,

X
Iðb1;b2;y;bnÞAJðN;a;eÞ

jIðb1; b2;y; bnÞj
tþd

2 log q

X
Iðb1;b2;y;bnÞAJðN;a;eÞ

exp �t

2
	 nbðaþ eÞ � nPðtÞ

� �
p1:

It follows that

dim Aðb; aÞp t þ d
2 log q

:

Letting t-log q then e-0 (i.e. d-0), we get dimAðb; aÞp1
2
:

Prove now the second part of Theorem 3. It is the same proof as that of
Theorem 1. We just point out the small differences. Let Eðt; xÞ be the set in question.
We define

Ft;a ¼ fxAI : deg anðxÞ ¼ ½tna� þ 1 8nX1g

for any a40: We have

Ft;aCEðt; xÞ for a ¼ xðt� 1Þ
tðtþ 1Þ:

By estimating the dimension of Ft;a; we get a lower bound of Eðt; xÞ: The upper

bound of Eðt; xÞ may be obtained as before (see the proof of Theorem 1).
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5. Proof: case L ¼ 1

Let Aðb; aÞ be the set of xAI such that 1
nb
logq jjx � oðxÞjj-� a: By Lemma 4, we

have

jjx � onðxÞjjq�
Pn

j¼1 deg ajðxÞ�deg anþ1ðxÞ:

For any a40; choose j0X1 such that

½nb�1a�Xj0 þ 1; ½ðn þ 1Þb�1a� � ½nb�1a�X1 ð8j4j0Þ:

Define

qj ¼ j ð1pjpj0Þ; qj ¼ ½jb�1a� ð8j4j0Þ

and

Fb;a ¼ fxAI : deg ajðxÞ ¼ qj ; 8jX1g:

We have

Fb;aCAðb; aÞ with a ¼ ab:

Also we may follow the proof of Proposition 7 to show that

dim Fb;a ¼ 1 ð8a40Þ;

thus we have dim Aðb; aÞ ¼ 1:
The proof of the result concerning the exponential degree is the same as that of

Theorem 3. This time, in order to get the lower bound of dim Eðt; xÞ; we need
Fb;a ¼ fxAI : deg ajðxÞ ¼ qj ; 8jX1g ða40Þ;

where

qj ¼ j ð1pjpj0Þ; qj ½tja� ðj4j0Þ:

The integer j0 here is choosen so that

½tja�Xj0 þ 1; ½tjþ1a� � ½tja�X1 ð8j4j0Þ:

We have

Ft;aCEðt; xÞ for a ¼ xðt� 1Þ
t2

:

The upper bound of dim Eðt; xÞ is obtained in exactly the same way as before (see
the proof of Theorem 1).
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